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Abstract-Based on a nonlinear critical index, a threshold of global existence on the L2-norm of 
initial data for 3-D attractive nonlinear Schriidinger equations under confined potentials is derived. 
For numerical verification, a newly developed radial basis function method is applied in this paper 
to solve the related nonlinear scalar field equation in R3. @ 2002 Elsevier Science Ltd. All rights 
reserved. 
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1. INTRODUCTION 
Consider the following attractive nonlinear Schrijdinger equation under confined potential in 
three-dimensional space: 
ig = -All, + V(x)+ + alq!~I~-$!~, t 2 0, x E R3, (1.1) 
where i = fl is the imaginary unit, a < 0 is an attractive parameter, p > 1 is a nonlinear 
interaction index, II, = $(t, X) is a complex-valued wave function of (t, E) E R+ x R3, and V(x) 
is a confined potential such that inf V > -CQ. 
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It is well known that when V(x) = [xl2 and p = 3, the nonlinear Schrijdinger equation (1.1) 
describes the remarkable Bose-Einstein condensation phenomenon of attractive inter-particle in- 
teractions under magnetic trap (see [l] and the references therein). Equation (1.1) has been 
studied extensively when V(x) is bounded and 1 < p < 5. For instance, the studies of local 
well-posedness by Ginibre and Velo (21 and standing waves by Lions [3]. For general unbounded 
potential V(x) and nonlinear index p, the local well-posedness of equation (1.1) was given by 
Oh [4] and the standing waves were studied by Rabinowitz [5], Oh [6] and Zhang [7], respectively. 
A good review can be found from Cazenave’s monograph [8] and Sulems’ recent monograph [9]. 
In this paper, the global existence of equation (1.1) is investigated under both bounded and 
unbounded potential V(x). For general V(x), we first determine the critical value of the nonlinear 
index p for global existence of equation (1.1) about time t. A threshold of the mass N, which 
is the L2-norm of wave function $, is then derived for global existence of equation (1.1) about 
time t. Finally, for the purpose of numerical verification, we apply a newly developed meshless 
computational radial basis function method (see [lO,ll]) to compute the threshold of the mass N 
in R3. From this we also obtain the numerical value of the best constant for the Gagliardo 
Nirenberg inequality in three-dimensional space. It is remarked here that the methodology used 
in this paper is inspired by the work of Weinstein [12] who introduced the idea of using variational 
argument to investigate the classical nonlinear Schrijdinger equation without any potential. 
2. THE CRITICAL VALUE OF p 
Under the following initial condition: 
$(O, x) = @o(5), x E R3, (2.1) 
equations (1.1) and (2.1) become a classical Cauchy problem. An energy space in the course of 
nature is then defined by 
H := cp E H1 (R”) , /V(x) /‘pi2 dx < co 
> 
. (2.2) 
For simplicity, we denote JR3 .dx by s. dx. Here, H is a Hilbert space which is continuously 
embedded in H1(R3) with the inner product 
whose associated 
Let 1 < p < 5. 
(cp7 f#)H = J VqV$ + (V - inf V) cp$ + cp$ dx, 
norm is denoted by I] . 11~. 
Define the mass functional 
N(P) = b12 da: J 
(2.3) 
(2.4) 
and the energy functional 
E(p) := 
J 
IVp12 + V(x) /‘PI2 + ‘+’ dx, cp E H. (2.5) 
It is clear from the Sobolev’s embedding theorem that N and E are well defined. From the point 
of view of Hamiltonian systems, E is the generating Hamiltonian of equation (1.1). 
From Oh [4], we have the following result on the local well posedness of equation (1.1). 
LEMMA 2.1. Let V satisfy that inf V > -co and for each lcrl > 2, /WV1 is bounded, 1 5 p < 5, 
and $0 E H. For some T E [O,co), the Cauchy problem (1.1) and (2.1) has a unique bounded 
solution $ in C([O,T), H). Also, $(t, .) about time t E [O,T) satisfies both conservation laws of 
mass N: N(+) = N(&) and energy E: E($) = E(&). M oreover, if T is the maximal existence 
time of the local solution $, then T has the alternatives: either T = co (global existence) or 
T < M and limt-,T ]]+]]H = 00 (collapse). 
Also from Oh [4], we have the following global well-posedness of equation (1.1) when 1 < p < 
1 + 413. 
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PROPOSITION 2.1. Let V satisfy that infV > -XJ and for each IcyI > 2, IPVJ is bounded, 
1 5 p < 1 + 413, and $0 E H. The Cauchy problem (1.1) and (2.1) has a unique bounded 
solution $ in C([O, co), H). Also, $(t, .) about t E [0, co) satisfies both conservation laws of 
mass N and energy E. 
When 1 + 4/3 5 p < 5, for many potentials V(x), there exist initial data $0 E H such that 
the solutions of the Cauchy problem (1.1) and (2.1) collapse in a finite time (see, for exam- 
ples, [8,9,13]). This is the reason why p = 1 + 4/3 is called a critical value of nonlinear index p 
for global existence of equation (1.1). In the following, under p = 1 + 4/3 and for general V(x), 
we derive a threshold of the mass N for global existence of equation (1.1). 
3. THE THRESHOLD OF THE MASS N 
To obtain a threshold of the mass N, we introduce the following nonlinear scalar field equation 
in R3: 
-Au + ;u - 1~1~‘~~ = 0, u E H1(R3). (3.1) 
From Weinstein [12] and Kwong [14], we have the following variational results. 
LEMMA 3.1. Equation (3.1) has a unique positive radially symmetric solution Q(X), that is, 
Q(X) = Q(lzl). Moreover, (3/5)(/Q2 d~)~/~ is the minimum of the functional 
I(v) = 
(s Ib12 dx) (J ((~1~ dx)2’3 
s IPI 2+4/3 dx 1 cp E H1 (R3). (3.2) 
From this lemma, we immediately obtain the following Gagliardo-Nirenberg inequality with 
the best constant in R3. 
COROLLARY 3.1. Let Q be the unique positive radially symmetric solution of equation (3.1). 
Then VP E H1(R3), we have 
J IV4 2+4/3 dz < ; (/-Q2dz)-2’3 (/[Vp/2 dz) (J,vj2 +2/j. (3.3) 
In addition. 
; J lVQ12 dx = J lQ12+4’3 dx. (3.4) 
The result of the following main theorem is based on the variational arguments given by 
Weinstein [12]. 
THEOREM 3.1. Let V satisfy that inf V > -co and for each ICXI 2 2, IPVl is bounded and 
p = 1 + 4/3. If $0 satisfies $0 E H and 
J l$ol2 dx < lal-3’2 J lQ12dx, (3.5) 
where Q is the positive radially symmetric solution of equation (3.1), then the solution $ of the 
Cauchy problem (1.1) and (2.1) exists globally in time. 
PROOF. For $0 E H, let II, be a solution of the Cauchy problem (1.1) and (2.1) in C([O,T); H) 
for some T > 0. By Lemma 2.1, for t E [O,T), we have N(+) = N(&) and E($) = E(&). Since 
p = 1 + 4/3, from (2.5), we have 
J WI2 + V(x) IPI2 + 2+4’3 dx = E (&,) . (3.6) 
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Since a < 0, it follows from (3.3) that 
(3.7) 
From (2.4), it follows that 
jV$12 + (V - inf V) [$I2 dx < E ($0) - N ($0) inf V. (3.8) 
Thus, from (3.5) and (3.8), II$IIH is bounded for t E [O,T) and some T > 0. From Lemma 2.1, 
the maximal existence time T is equal to co. We have then proven that 1c, exists globally in time. 
REMARK 3.1. Although the global existence on the solution of the Cauchy problem (1.1) 
and (2.1) can also be derived from Oh [4] when 1111, 0 H is sufficiently small, Theorem 3.1 gives a 1) 
different threshold of Il@e(lL2(~3) which guarantees the global existence of the solutions. 
For numerical verification, the numerical value of this threshold is computed in the following 
section by a newly developed meshless computational method. 
4. NUMERICAL COMPUTATIONS 
In this section, we apply a newly developed radial basis function (RBF) method to compute 
the value of s l&l2 dx. By Lemma 3.1, Q(x) = Q(IzI). Putting 1x1 = r, the nonlinear scalar field 
equation (3.1) becomes 
d2u 
$y + Pf - ;u + u1uy = 0, o<r<cq (4.1) 
with boundary conditions 
MO) = o 
dr ’ 
u(oo) = 0, 
(4.2) 
which has a unique positive solution. From the result of the last Section 3, the threshold of the 
mass N can then be obtained by computing the value 
s 
I Q I2 dx = 4n 
J 
O3 r2[u(r)]2dr. (4.3) 
0 
For the purpose of numerical computation, the infinite solution domain is transformed to [O,l] 
by using a simple transformation x = r/(1 + T). Equation (4.1) is then transformed to 
(1 -x)4$ + 2(1 -x)3 (; - 1) 2 - ;U + +14/s = 0, 
with boundary conditions 
du(O) - 0, 
dx 
U(1) = 0. 
The nonlinear equation (4.4) is solved iteratively by 
(1 - x)4&” + 2(1- x)3 (i - 1) $p - $P = -u-l lun--1(4’3 
O<x<l, (4.4) 
(4.5) 
0 < II: < 1, (4.6) 
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where Us denotes the iterated solution U(X) at the iterative step n, n = 1,2,. . . . The idea 
of the RBF method is to approximate the unknown function ~~(5) by a linear combination of 
radial basis functions Iz - ZC~ I3 and some polynomial terms as 
(4.7) 
wherexj,j = 1,2 ,..., M, are M arbitrary distinct points in (0, 1) and &’ are M+2 undetermined 
coefficients to be computed at each iteration n. A direct collocation on another arbitrary M 
distinct points xi in (0, 1) by assuming that U* satisfies equation (4.6) gives M equations as, for 
i=1,2 ,..., M, 
(1 - xi)4 &- (xi)+2 (1 - L&)3($ - 1) 
2 
--$ (%)+ (Xi) = -?~~-~(X~)lu~--l (x~)\~‘~. (4.8) 
from the boundary equations (4.5), we have the remaining two equations 
szo 
dx (4.9) 
and 
P(l) = 0, (4.10) 
to obtain a system of M + 2 linear equations for the M + 2 unknown coefficients 0s. Refer 
to [lO,ll] for more details on the theoretical foundation and applications of this RBF method. In 
this paper, the numerical computation is taken by choosing xj = jc, xi = ie where E = l/(M + 1) 
and M = 99. The initial guess u” can be taken to be any positive constant. The iteration will 
stop until the maximum relative difference between two successive iterated approximations un 
and u”-l at each point xi is less than a prescribed small value, say 10e6 in this paper. The total 
number of iterations is then 24. It is noted here that the resultant matrix for the linear system is 
fixed in each iteration. The inverse of the resultant matrix needs only be calculated once by using 
Gaussian elimination method at the first iteration. The curve of u24 is plotted in Figure 1 for 
illustration. To further compute the threshold of the mass N from equation (4.3), we apply the 
transformation x = r/(1 + r) and a standard trapezoidal rule to evaluate the following integral: 
J (Q(‘dx = 4n s 0W r2 [u”“(r)]” dr = 47r J ’ L 0 (1 -x)4 [u""(x)]" dx M 63.815. (4.11)
Finally, from Theorem 3.1, we obtain the following theorem. 
THEOREM 4.1. Let V satisfy that inf V > -ca and for each 1~1 2 2, jD”V1 is bounded, p = 
1 + 4/3. If $0 satisfies $0 E H and 
J l&l2 dx < (63.815)(al-3/2, 
then the solution $J of the Cauchy problem (1.1) and (2.1) exists globally in time. 
From (4.11), we get 
5 
3 (J > 
-213 
Q2 dx M 0.1044. 
By using Corollary 3.1, we get the GagliardeNirenberg inequality with the best constant in R3 
as follows. 
THEOREM 4.2. For ‘dlcp E H’(R”), we have 
J lp12+4’3 dx 5 (0.1044) (/ivyi’dx) (/,q,2 dx)2’3. (4.12) 
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Figure 1. Curve of the approximation ~~~(2). 
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